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ABSTRACT 

We compute the six-dimensional effective action of the heterotic string compactified on 
K3 for the standard embedding and for a class of backgrounds with line bundles and 
appropriate Yang-Mills fluxes. We compute the couplings of the charged scalars and the 
bundle moduli as functions of the geometrical K3 moduli from a Kaluza-Klein analysis. 
We derive the D-term potential and show that in the flux backgrounds U(l) vector 
multiplets become massive by a Stiickelberg mechanism. 
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1 Introduction 



Heterotic model building is one of the possibilities to connect string theory with particle 
phenomenology. The requirement of a light chiral spectrum in four space-time dimen- 
sions (4D) together with stability arguments suggests to consider string backgrounds with 
jV = 1 supersymmetry in 4D. This in turn singles out Calabi-Yau threefolds [1], appropri- 
ate Z n orbifolds [2( or more generally two-dimensional (0, 2) superconformal field theories 
[3], H| as backgrounds. 

The revival of Grand Unified Theories (GUTs) in recent years resulted in renewed 
attempts to embed these field theories also in the heterotic string. In particular field 
theoretic models where a GUT-group is only unbroken in a higher- dimensional space- 
time background seem attractive due the simplicity of the Higgs-sector This led to 
the study of anisotropic orbifold compactification with an intermediate 5D or 6D effective 



theory [9Hl2 



One of the problems of orbifold compactifications is the vast number of massless 
moduli fields. However, it is well known that some of them gain mass when one considers 
the theory away from the orbifold point, i.e. in blown-up orbifolds or more generally 
in smooth Calabi-Yau backgrounds. The relation between orbifold and smooth Calabi- 



Yau compactifications is addressed in [13l-l20|. In this paper we focus instead on the 6D 



intermediate theory and derive the effective action for smooth K3 compactifications from 
a Kaluza-Klein reduction. The resulting 6D effective theory has the minimal amount of 
eight supercharges corresponding to M = 2 in 4D. The scalar fields appear in tensor- and 
hyp ermultip lets but not in vector multiplets. In perturbative heterotic compactifications 
there is exactly one tensor multiplet containing the dilaton while all other scalars are 
members of hypermultiplets. In this case supersymmetry constrains the action to depend 
on a gauge coupling function given by the dilaton,a quaternionic-Kahler metric of the 



hyp ermultip let scalars and a D-term potential |2lH23l . 

A consistent heterotic string background has to satisfy the Bianchi identity which 
in turn requires a nontrivial gauge bundle on K3. As a consequence the resulting light 
scalar Kaluza-Klein (KK) spectrum consists of the moduli of K3, the moduli of the gauge 
bundle and a set of matter fields charged under the unbroken gauge group. For these 
fields we systematically compute their couplings in the effective action, extending the 
analysis in 04330 

However, since the effective action sensitively depends on the choice 



of the gauge bundle we cannot give a model-independent answer. Instead we focus on 
two prominent subclasses of gauge bundles embedded in E 8 x E 8 : we discuss the well 
known standard embedding of the gauge bundle into the tangent bundle in section [3] and 
backgrounds with U(l) line bundles in section HJ 

In the derivation of the 6D effective action we focus on the bundle moduli and the mat- 
ter fields and compute their couplings as a function of the K3 moduli. While low energy 
supersymmetry restricts the compactification manifold to be Calabi-Yau, it also restricts 
the gauge bundle to be a solution of the hermitean Yang-Mills equations (HYM) 
These solutions are generally constructed from a stability condition using algebraic ge- 



ometry [34M39l| . However, on K3 the HYM equations take a simple form, stating that 



m 



^or compactifications on a Calabi-Yau threefold a similar analysis has been performed, for example, 
3JI33. 
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the background field strength is anti-self dual (ASD) 0, 41]. Its massless deformations 
determine the light 6D particle spectrum and lead to ASD-preserving bundle moduli 
which deform the holomorphic bundle structure and charged matter fields which deform 
the structure group embedding. 

This paper is organized as follows. In section [2] we set the stage for the later analysis 
and briefly recall the multiplets and effective action of 6D minimal supergravity (in 
section |2~T]) . and some basic facts about K3 (in section [2T2]) . In section [3] we then turn to 
the standard embedding and derive the effective action. We determine the couplings of 
the matter fields and the bundle moduli as a function of the K3 moduli. Unfortunately 
for the bundle moduli these couplings can only be given in terms of moduli-dependent 
integrals on K3 but they are not explicitly evaluated. As a consequence we cannot show 
in g eneral that the final metric is quaternionic-Kahler as required by supersymmetry 



2l| . However, in an appropriate orbifold limit we show that the couplings of the matter 



fields in the untwisted sector are quaternionic-Kahler and agree with the results of [42 
We further compute the scalar potential and show that it consistently descends from a 
D-term. 



In section @] we consider backgrounds with line bundles [13|, |24j, |30|, |39|, |43H47| . In 
this case the Bianchi identity is satisfied by Abelian Yang-Mills fluxes on internal K3 
two-cycles. The fluxes are characterized by their group theoretical embedding inside 
the Cartan subalgebra of E s x E s and the localization inside the second cohomology 
lattice of K3. Using a vanishing theorem we show that the resulting effective action is 
consistent with 6D supergravity in that the scalar potential descends from a D-term. We 
determine the couplings of the matter fields in terms of .ff3-moduli dependent integrals. 
The Abelian factors of the gauge bundle are also part of the unbroken gauge group and the 
fluxes affect the effective action in two ways. First of all, the scalars descending from the 
heterotic 5-field get affinely gauged under the Abelian factors. Due to the Stiickelberg 
mechanism this is equivalent to the Abelian gauge bosons becoming massive. Second 
of all, in the scalar potential the (selfdual components of the) fluxes appear as Fayet- 
Iliopoulos .D-terms, leading to a stabilization of s subset of the K3 moduli. Together, for 
every independent gauge flux a vector multiplet and a hypermultiplet gain a non-zero 
mass, consistent with the 6D anomaly constraint. 

In appendix |A] we describe in detail the local deformation theory of gauge connec- 
tions, which is essential for the Kaluza-Klein reduction in the main text. In particular 
we establish the connection of massless internal deformations and Dolbeault cohomology 
which, to our knowledge, is not discussed in detail in the literature. Finally, appendix [El 
provides further details about the metric in the untwisted sector of the previously con- 
sidered orbifold limit. 



2 Preliminaries 

In this paper we consider Kaluza-Klein reductions of the heterotic string in space-time 
backgrounds of the form 

M 1 ' 5 x K3 , (2.1) 

where M 1 ' 5 is the six-dimensional Minkowski space-time with Lorentzian signature and 
K3 is the unique compact four- dimensional Calabi-Yau manifold. 
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The starting point of the analysis is the ten-dimensional heterotic supergravity char- 
acterized by the bosonic LagrangiarJ^I 



C = \t- 2 * (r * 1 + 4c?$ A *d$ - \H A *H + a'(tr F A *F - tr R A . (2.2) 

$ is the ten-dimensional dilaton, F is the Yang-Mills field strength in the adjoint rep- 
resentation of E 8 x Eg and H is the field strength of the Kalb-Ramond field B defined 

as 

H = dB + a'{u L - u YM ) , (2.3) 

where u L ,u YM are the gravitational and Yang-Mills Chern-Simons 3-forms, respectively. 
As a consequence H satisfies the Bianchi identity 

dH = c/(tr RAR — trFAF) , (2.4) 

where R is the Riemann curvature 2-formJ§ Finally, the last term in ( 12. 21) is the Gauss- 
Bonnet form 48 

tiR A *R := R M npqR MNPQ - AR MN R MN + R 2 . (2.5) 

The Bianchi identity (12. 4p requires a nontrivial gauge bundle over K3. As a conse- 
quence the original E 8 x E 8 gauge group breaks to G according to 

E 8 x E 8 — > G x (H) . (2.6) 

Here (H) is the structure group of the nontrivial bundle and G is the unbroken maximal 
commutant. 

Before compactification, i.e. in flat ten-dimensional Minkowski space-time M ' , the 
theory has 16 supercharges corresponding to an M = 1 supergravity in D = 10. In a 
background of the form (12.11) half of the supersymmetries are broken due to the prop- 
erties of K3. Unbroken supersymmetry also constrains the gauge bundle to satisfy the 
hermitean Yang-Mills equations [l| 

JGi/ y (Af)), JAJ = 0, (2.7) 

where H 1 ' 1 (K3, h) denotes the (1,1) Dolbeault cohomology group with values in the 
adjoint bundle f) of H and J is the Kahler-form of K3% On K3 the hermitean Yang- 



Mills equations are equivalent to the anti-selfduality condition [40j, |41 



A 2 _(K3,[)) , (2.8) 

where A 2 _(K3, f)) denotes the —1 eigenspace of the Hodge-* operator acting on 2-forms. 
The resulting low energy effective theory is an M = 1 supergravity in D = 6, which we 
shall briefly review. 



2 Throughout this paper we use the space-time metric signature (—,+,+,+,...) and antihermitean 
generators for the gauge group. 

3 The trace tvRAR is evaluated in the vector representation 10 of SO(l, 9) and trFAF := ^Tri^A-F 
is -r^j of the trace in the adjoint representation of Eg x Eg. 

4 Note that a solution of (|2 . T[) also solves the full Yang-Mills equations. 
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2.1 Af = 1 Supergravity in D = 6 



The supercharges of the 6/}, A/" = 1 supergravity form a doublet of two Weyl spinors with 
the same chirality, satisfying a symplectic Majorana condition. They are rotated into each 
other under the R symmetry group Sp(1)r = SU(2)r. The massless supermultiplets 



are 



49 



gravity multiplet : {g^, ^ , B+ v } , 
tensor multiplet : {B~ ' , A + , 0} , 

(2.9) 

vector multiplet : {V^, A } , 

hypermultiplet : {x + ;4g} , 

where g^ v is the graviton of the six-dimensional space-time, ip~ the negative chirality 
gravitino and B+ is an antisymmetric tensor with selfdual field strength. The tensor 
multiplet contains a tensor B~ with anti-selfdual field strength, the dilatino A~ and 
the 6D dilaton 0. The vector multiplet contains a gauge boson and the gaugino A + . 
Finally the hypermultiplet features the hyperino x + together with four real scalars q. 
Note that all scalars, except the dilaton, are in hypermultiplets. The massless spectrum 
is intrinsically chiral, since the fermions of each supermultiplet have definite chirality. 

The doublet structure of the 6D supercharges has further consequences for possible 
gauge representations. Especially, the four scalars in a hypermultiplet form a complex 
doublet of the i?-symmetry groupjj A hypermultiplet in a complex representation R can- 
not be CPT-selfconjugate, so hypermultiplets always occur in vector-like representations 
R © R in the spectrum. The four scalars correspondingly group into two complex scalars 
in R and R, respectively. 

The absence of local anomalies does not constrain the gauge group as in 10D, but 



rather the massless spectrum to obey [50j, 151 



29n T + n H -n v = 273 , (2.10) 

where tit denotes the number of tensor multiplets, nn the number of hypermultiplets 
and ny the number of vector multiplets. This condition is automatically satisfied in any 
K3 compactifications with supersymmetric bundle f!2.7p . In this paper we only consider 
perturbative A"3-compactifications where tit = 1, such that — ny = 244 holds. 

For gauge groups of the form 

G = l[G a x Y[U(l) m , (2.11) 

a m 

where G a denotes any simple factor and U(l) m any Abelian factor, the bosonic La- 



5 A half- hypermultiplet, which is the smallest CPT self-conjugate multiplet, can only exist, if it is 
in a pseudoreal gauge representation. If it is a gauge singlet, the two real scalars are both their own 
CPT-conjugate but cannot build a 5[/(2)ij-doublet [4]. 
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grangian is given by 22|, |23 



£ 6 = ifl * 1 - \e~ 24> H A*H+ \d<\) A *d<j> 

+ s(cae~* + c a e )trF s * A *F 9q - 5 a 5 A trF 0Q A F 9a 

2 (2.12) 
+ \{c mn e" + ~c mn e^)F m A *F™ — c mn B A F m A F n 

-lg U v(q)T>q u A*Vq v -V*l, 

where the non-Abelian Yang-Mills field strengths are labeled as F Sa and the Abelian field 
strengths as F m . Due to supersymmetry, the gauge kinetic functions only depend on the 
6D dilaton 0, with numerical factors c a ,c a , c mn , c mn U For the Abelian factors kinetic 



mixing, parametrized by the off-diagonal part of c mn , c mn is possible [53j. B is the sum of 
B + and B~ , and it is coupled to the vector multiplets via Chern-Simons forms appearing 
in its field strength H = dB + u L — c a w™ — c mn a;™ f , where u L and are standard 
Chern-Simons forms while the "mixed" Abelian Chern-Simons form is given by 

u™ = dV m A V n . (2.13) 

The real hypermultiplet scalars q u ,u = 1, . . . ,4n# constitute a quaternionic Kahler 
target manifold Ai with metric g uv {q) which only depends on the hyperscalars [2l|]. The 
gauge group can be any isometry group of A4, with Killing vectors K ua appearing in the 
gauge covariant derivatives: 

Vq u = dq u - V a K ua {q) , (2.14) 

where a denotes the adjoint index of the gauge group. 
Finally, there only exists a D-term potential given by 

v _ ir (D a ) A B (D a ) B A i ^ (D m ) A B(D n ) B A (215) 

4 „ p -4, _i_ „ p( j> 4 „ p -cf> _i_ % „0 ' V " / 

a m,n 

where 

(D a ' m ) A B = T A B K ua ' m , A, B = 1, 2 , (2.16) 
with Y^ B being a composite su(2)#- valued connection on M. [22J, |23j. Our main interest 



in the following will be to derive the 6D couplings, i.e. the hyperscalar metric g U v{q) and 
the explicit form of the D-term. 



2.2 KZ Compactification 

Before we proceed let us collect a few facts about the (unique) Calabi-Yau two-fold K3 
(for a review see It has a reduced holonomy group SU(2) ho i, so its frame bundle 

splits as 50(4) -> SU(2) R x SU(2) hol into an SU(2) R bundle which is flat over K3 
and the nontrivial SU(2)h i bundle. A covariantly constant spinor on K3 transforms as 
a doublet under SU(2)r, so this generates the i?-symmetry in 6D. Moreover, the K3 

6 It was shown recently that these numerical factors are constrained to take values in a selfdual 
lattice 
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surface is hyper-Kahler and its curvature 2- form is anti-selfdual 40] . Its Hodge numbers 
are 

h o,o 1 

h 1 * h ' 1 

h 2,o h i,i h o,2 = 1 20 x ( 217 ) 

h 2 ' 1 h 1 ' 2 

h 2 > 2 1 

The nontrivial part is the second cohomology group H 2 (K3,M). It is a vector space of 
signature (3,19) with respect to the scalar product 



(2.18) 



(v,w) = JvAw, v,w e H 2 (K3,R) . 
In a basis of 2-forms rjj e H 2 (K3,~El) the scalar product is given by the matrix 



Pu 



Vi A Vj 



LJ=1 22 . 



(2.19) 



A Riemannian metric on K3 is defined by a positive definite three-dimensional subspace 
E := H+(K3,M) C H 2 (K3,M>) and the overall volume V. Then we have the orthogonal 
splitting H 2 (K3) = H 2 _(K3) © H 2 (K3) and the two subspaces are eigenspaces of the 
Hodge ^-operator. The corresponding elements are called selfdual and anti-selfdual, 
respectively. 



Locally the moduli space of Ricci-flat metrics takes the form [55 

°( 3 > 19 ) m + 



M 



K3 



0(3) x 0(19) 



(2.20) 



which has dimension 58. A complex structure is defined by the choice of an orthonormal 
dreibein {J s } s =i, 2 ,3 <E H^(K3,R) such that 



J = V2V J 3 , ft = Ji + i Ji (2.21) 
are the Kahler form and the holomorphic 2-form, respectively. They are normalized as 



J A J = 2V 



Q AQ = 2 



2_ 

V ' 



(2.22) 



The metric moduli combine with the 22 scalars b 1 , arising from zero modes of the Kalb- 
Ramond field on K3 to form 20 hypermultiplets in 6D. Including the b 1 the geometrical 
moduli space given in (I2.20p locally turns into the quaternionic-Kahler manifold 56 



M 



0(4,20) 
0(4) x 0(20) 



(2.23) 



r For integral 2-forms this is the intersection matrix of the Poincare dual 2-cycles [54j. 
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3 Standard embedding on K3 



In the previous section we recalled that heterotic theories have to satisfy the Bianchi 
identity ( 12. 4p . For compactifications on K3 the integrated version yields 

\ J tr(F AF) = l J tv(R A R) = X (K3) = 24 , (3.1) 

K3 K3 

where ^(if3) is the Euler characteristic of K3. In order to preserve 6D Poincare invari- 
ance all background fields have to be tangent to K3. Then (13. ip implies that the second 
Chern characters of the tangent- and Yang-Mills bundle must coincide. In the following 
we denote the Kaluza-Klein expansion around these backgrounds as 

A = A + a, F = F + f, f = d A a + \[a,a] . (3.2) 

(We denote background fields by calligraphic symbols such as A, F,7i,7Z.) Since (13. ip 
is a topological equation, continuous fluctuations cannot contribute to (I3.ip . 

The standard embedding is defined as the solution of (13.11) with the integrands iden- 
tified, i.e. T = 7Z and 7i = in (12 .4p [1]. In this case the nontrivial gauge bundle is 
an 5[/(2)-bundle embedded inside one E 8 , which is identified with the SU(2) structure- 
bundle associated with the holomorphic tangent bundle Tk3- The standard embedding 
breaks one E$ to the maximal commutant E7, i.e. 

E 8 xE s ^E s xE 7 x (SU{2)) , (3.3) 

where (H) denotes the broken group factor. For the standard embedding the hermitean 
Yang-Mills equations ( 12. 7p take the form 

F G if 1 ' 1 (End T K3 ) , F A J = , (3.4) 

where End Tr-3 is the bundle of linear transition functions on Tks, i-e. locally su(2) valued 
matrix functions. Note that F is automatically anti-selfdual since the K3- curvature is. 



3.1 Reduction of the Yang-Mills sector 

All bosonic charged matter multiplets arise from zero modes of the 10D vector fields A 
of the broken E s . The massless fields are determined by deformations of the background 
gauge connection A = A + a. Group theoretically a transforms in the 10-dimensional 
representation of the Lorentz group SO(9, 1) and in the 248-dimensional adjoint repre- 
sentation of Eg. Decomposing the 248 under E s — >■ £7 x SU{2) we have 

248 (133,1) © (1,3) © (56,2) , (3.5) 

while decomposing the 10 under SO(9, 1) — > 50(5, 1) x 50(4) yields 

10 -> (6,1) © (1,4) . (3.6) 

In terms of the gauge potential we denote the latter split by a = a x + aj where a\ denotes 
a one-form on M 1,5 while a\ is an 'internal' one-form on K3. 
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The non-linearity of the free 10D Yang- Mills equation complicates the determination 
of the massless modes in the Kaluza-Klein procedure. In appendix A we perform the 
Kaluza-Klein reduction in detail and show that generically the scalar zero modes are in 
the cohomology H°' l (K3, E), where E is a bundle associated with the right entries in 
the decomposition (13. 5p The result is 

01 = V 133 , a, = Cfu) + cfu] + fc4 + l k al , (3.7) 

where V 133 is the 6D gauge potential of the unbroken E 7 . The Cj 56 are complex charged 
scalars and are complex singlet scalars, called bundle moduli. The latter are deforma- 
tions that preserve the ASD condition of the background. Their multiplicities are given 
by the cohomology groups of their corresponding zero modes 

uj) = Mldz* e H >\Tk 3 ), J = l,-,20 , 

(3.8) 

a 3 = (a k )' a dz s G H°'\End Tks), k — 1, 90 . 

The Uj and a 3 are one-forms which take values in the vector bundles E 2 = Tkz and 
E 3 = su(2) C End Tr3, respectively. This is denoted by the indices (3 = 1, 2 and 
s = 1, 2, 3 in (13. 8p . Note that the 3 = su(2) is a real representation while 56 and 2 are 
both pseudoreal. Therefore the 20 complex scalars Cj 56 align in 20 half-hypermultiplets, 
or equivalently 10 hypermultiplets. The 90 complex bundle moduli align in 45 hypermul- 
tiplets and 20 additional hypermultiplets arise from the 58 geometrical moduli combined 
with the 22 Kalb-Ramond axions. The second E$ remains unbroken and yields a 6D 
pure Yang-Mills hidden sector with one vector multiplet in the 248. The constraint for 
anomaly freedom (I2.10p is fulfilled as follows: 

n v = 133 + 248 = 381 , ^ = 10-56 + 45 + 20 = 625. (3.9) 



From (13. 7p we derive the Kaluza-Klein expansion of the Yang-Mills field strength, 

/ = / 2 (133 ' 1} + /g 3) + /5 6 ' 2) + t 3) + /f 33>1) • (3-10) 

Here and in the following, we write f R g for an (R + S^-form with R external (6D space- 
time) and S internal (K3) indices. The different terms are orthogonal with respect to 
the scalar product (F, G) = trF A *G. The first term in (I3.10p is the 6D field strength of 
the unbroken E 7 

/f 33 ' 1 ) = dV 133 + i[V 133 , V 133 ] . (3.11) 
The next two terms in (I3.10P are given by 

ff ] = A a l + d lk A oil , 

(3.12) 

^(56,2) = A u fi + A ^ 

where we label the 56 by the index x — 1, . . . , 56. In this notation the £V-covariant 
derivative reads VCf = dCf + V a (r a ) y x Cf with r a being the E 7 generator. Finally, let us 

8 This result is usually derived counting zero modes of the Dirac operator and then using supersym- 
metry. In appendix A we rederive this result directly from the deformation of the gauge connection. 



s 



derive the last two terms /§ in (j3.10|) . Using the zero- mode property d^ai = (derived 
in appendix A) we obtain 



h 



+ 



(3.13) 



The first commutator transforms in the (1,3) representation. Furthermore we show in 
appendix A that it preserves the hermitean Yang-Mills equations (13.4p and therefore 
can be viewed as a flat deformation of the background field strength 5 J 7 . The second 
commutator results in two representations 



(133 s ,l 



(56,2) ® A (56,2) = 
which in terms of generators amounts to 

[Txoci Typ] = E X y<J a pT a + T xy £ a pT a , 



(3.14) 



(3.15) 



e xy and e a p are the invariant antisymmetric tensors of E 7 and SU(2) respectively. a^p 
are the Pauli matrices and r xy the ^-generators in the 56-representation. Since we have 
the complex conjugated fields in (13.71) we also need the second commutator with different 
invariant tensors: For the to be again antihermitean, r X y = — r° s , the tensor h must 
satisfy 

_ (3.16) 



h 



af3 



However, since the commutator in (13.131) is a product of global 1-forms, the result is a 
global 2- form on K3. Therefore the invariant tensors a s a o, e a p and h a p must be extended 
to global tensors on K3. In fact, ( 13.161) is the property of a Kahler metric and e a p is a 
local expression of the holomorphic 2-form. Hence, we set 



e a/3 



2V ; 



a 



a/3 



a s a0 e A 2 (End T K3 ) • 



(3.17) 



Since the 56 is pseudoreal we will omit the bar on the indices x, y in the following. With 
this we get 



(133,1) 



where 



(1.3) 



cT 7 
ct 



a^ufAu' <ry ID? AW 



(133,1) 



Cf 



ga/3 Wf A uf VL^p uf A 



oo? A 




(3.18) 
(3.19) 
(3.20) 



We included the factor -j= in (I3.17P such that all matrix elements of the final expression 



are independent of the J^3-volume. 
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3.2 Reduction of the Kalb-Ramond sector 



We now turn to the reduction of the H A *i?-term in the 10D Lagrangian (12. 2 j) where 
iJ = <iB + c/(u; L — u YM ) is a gauge invariant and thus globally defined 3- form. In the 
KK-reduction H splits into two pieces 

H^H 3 + H 1A , (3.21) 

where if 3 is the standard 6D Kalb-Ramond term with all indices in the space-time direc- 
tion. This term reduces straightforwardly yielding the second term in (12.121) . For H X2 ~ 
on the other hand we need to perform the KK-reduction with more care. 

Let us start by considering the Yang-Mills Chern-Simons form which in 10D is defined 
by u YM = tr(F A A) — |tr(A A A A A). For the component we then have 

u \¥ = tr(/ 1 j A A~i) + tr(F 5 A a x ) - tv{A x A A x A a x ) . (3.22) 

Inserting the Kaluza-Klein expansions (I3.7jl and (13. lOj) . including the background fields 
A\ = A + a x , F2 = T + 6 T + fe, the nonvanishing terms are 



YM 



tr(/3 6 ' 2) A af< 2) ) + tr(/£ 3 ) A(A + a^)) . (3.23) 

Similar to the commutators (I3.14p . the traces of antihermitean generators yield invariant 
tensors that are extended to global tensors on K3 

-tr{T s T t ) = 5 st — > h st , 

> , (3.24) 

~tr(T XQ ,X ' y Jjj) = 5 xy h a p > -J^Sxy9ai3 ■ 

Here h st is a hermitean metric on the adjoint End T^-bundle. Inserting ( I3.24[) and (13. 1 2[) 
into (I3.23P we arrive at 

ym __ (VC X A T ( ^S xy g^uJf A u? Sxyn^uf AoJj \ 



I 



f k \ T ( hstai A a\ h t at A aft f |A _ ( /\ ^ _ ^ A ^ 

(3.25) 

In ( 1A.56f) and flA.57j) we show that the zero modes of the first two terms can be written 



in terms of harmonic 2-forms and thus are globally defined. The last two terms on the 
other hand contain the gauge connection A explicitly and therefore are gauge-variant 
and globally not well defined. However, they are a total derivative in 6D and thus can 
be absorbed into dB 12 ~ by redefining B%. This has the additional benefit that after the 
redefinition B 12 ~ is also gauge invariant which follows from the fact that H and the first 
two terms of wjg in (13.251) are gauge invariant. Therefore the internal redefined .Bg-field 



can be expanded globally as 



B- 2 = b 1 ^ . (3.26) 
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Finally let us note that the Lorentz Chern-Simons form cu^ also is a total space-time 
derivative in 6D and can similarly be absorbed into a redefinition of B^. Thus altogether 
we have 



#12 = + a'wff 





-^S xy9a -^A^ \C)J (3.27) 



- a ' ( dl i k ) ( hst ®k A «f h *t(4 A a'] ( £i 
3.3 6D Effective action 

Using the results from the previous sections we now derive the 6D effective action, first 
focusing on the kinetic terms. The effective action of the gravity-dilaton sector has been 



determined in ref. |57| and we include their result in the following. In the Einstein frame 



the 6D dilaton <j) has to be defined as 

= $ - §lnV , (3.28) 

where $ is the 10D dilaton and V is the K3 volume. The Einstein-frame metric is given 
by 9\iv — &~^9(iv ■ From this redefinition one gets a factor of V -1 in front of all terms in 
the Lagrangian with nontrivial K3 integral. Altogether we get 

C 6 = \R*l - \e- 2(t> H A*H + ye^trF 133 A *F 133 + |d</> A *d(j) 

- £&i<£ fc A*d6 + iWi|A< - pdVA*rfV (3.29) 

- a'G tj 5 xy VC- A *VC] - ^guVM A *V c b J -V*l, 

where the t s are the K3 moduli which, together with the volume, span the moduli 
space (12.201) with the metric denoted by huu The charged scalars are gauged under the 
unbroken E 7 via the covariant derivative 

VCf = dCf + V a (r a ) y x Cf . (3.30) 

For the 6-scalars we have 



v c b J = db 1 - a'SxyMlp* v q - a' ni (x !/'■;■ vc- + c.c.) 



(3.31) 



^ y 

Here £ fe d & := £ fc <i£z — £id£ k is the skew-symmetric derivative and we use the same 
definition for the EV-covariant derivative T> . The scalar couplings in (I3.29p depend on 
the K3 moduli and are given by 

Qki = J h st a s k A *a\ , G tj = ^g lj , gu = J Vi A *Vj ■ (3-32) 

9 For an explicit expression of hu see, for example, Note that from the classical 10D supergravity 
we cannot deduce the 6D Green-Schwarz term and the full dilaton couplings of f)2.12[) . 
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The coupling Gij of the charged scalars (no summation over i,j implied) is proportional 
to 6-scalar coupling gu, restricted to H 1,1 (K3, M). Moreover, it contains the moduli 
dependent functions 

H = 77- 7 • (3-33) 

We find that these are necessary in the char ged zero mode isomorphy (1A.36I) . in order 



to match with the orbifold limit known from [42J. Q k \ is the metric on the space of ASD 



connections. All couplings are derived in more detail in the appendices IA.2I and IA.31 
The coupling functions appearing in (I3.3ip read 



A/J = / Q a pu? A ^ A r] 1 = l llljPijP IJ ((J u V j) - i{J 2 , rjj)) , 

M ij = TSv \ A w i Ar]I = I^iTj/" J [pij(J3,Vj) ~ (Js,Vi)PjJ - (Ja,Vj)PiJj 



(3.34) 

(no summation over i,j implied) and are derived in ( 1A.53f) and ( 1A.56)) . Here (■,■) is 



Mlt = p IJ J h st a s k A aj A Vj = p IJ p u d kl , 
ML = P U / h*t<*ic A a \ A Vj = eu({VJ, J i) - i{VJ, h)) 



the scalar product on if 2 (A^3,M) and pij is the A^3 intersection matrix restricted to 
// 1 ' 1 (A'3, K). Since the definition of if 1,1 (A'3,R) depends on a choice of the complex 
structure p^ depends on the K3 moduli. For the couplings of the in (13.31 j) we find 



(3.35) 



where we defined cjy,ejy as the (antisymmetric) "intersection" matrices 

h st a s k Aa{ = , h st a s k A aj = e kl Vt . (3.36) 

The scalar target manifold is a fibration of the bundle moduli £ and the charged 
scalars C over the K3 moduli space M. given in (12.231) . Supersymmetry imposes that 
this scalar manifold is quaternionic-Kahler which, however, we did not verify explicitly. 
In appendix [B] we show that our results are consistent with the orbifold limit T 4 /Z 3 
(with standard embedding). The scalars of the truncated spectrum corresponding to the 
untwisted sector span the quaternionic-Kahler (and simultaneously Kahler) manifold 

SC,(2 ' 2 + 56 > (3.37) 



U(l) x SU{2) x ST7(2 + 56) ' 

We now turn to the scalar potential which consists of all terms descending from ( 12. 21) 
with space-time indices tangent to K3. Since K3 is Ricci-flat the Gauss-Bonnet term 
( 12. 5 p reduces to the square of the curvature 2-form. Moreover, since the curvature is anti- 
selfdual for all metric deformations, the term gives a constant topological contribution 
equal to the Euler number of K3 



±Jtr(KA*K) = ±Jtr(KAK) = 24. (3.38) 



2 

K3 K3 
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Together with the contribution from the Yang-Mills field strength we obtain 

V = trF 2 A *F- 2 + 48) . (3.39) 

Dividing into background and fluctuations F 2 = J 7 + f 2 we arrive at 

V = -$e*(-\ J tr(^A^) + 24 + | J tr(/ 2 A*/ 2 )) . (3.40) 

The first two terms vanish due to the tadpole condition (13. ip while the third can be 
decomposed into selfdual and anti-selfdual parts. The tadpole condition additionally 
constrains 

= / tr(/ 2 A h) = [ tr(f- 2+ A f 2+ ) + [ tr(/ 5 _ A , (3.41) 



since continuous fluctuations cannot change a topological invariant. Therefore we can 
express the potential entirely in terms of the selfdual part f 2+ to obtain 

= -f£e* J tr (f- 2+ A f~ 2+ - h- A h-) (3.42) 
= _£ e * f tr(f- 2+ A f- 2+ ) . 



This is positive definite since for antihermitean generators the trace gives a negative 
Killing form. 

One thus has to compute the selfdual components °f the terms given in 

(I3.19P and (I3.20p . In appendix IA. 31 we show that f^ 3 ^ vanishes, due to the nontriviality 
of the adjoint End T^-bundle. This is crucial for consistency with 6D supergravity, since 
D-terms necessarily are valued in the adjoint of the unbroken gauge group. On the other 
hand, the selfdual part of (I3.20p reads 

,(133,1) _ f a _ fC X { \ T (-iVZVGijJs \pijVL \. . (C?\ ( 

(see (lA.7ip ). Here = ji'jjPij is the rescaled K3- intersection matrix (I2.19p . restricted 
to H 1,1 (K3, R) and is the same coupling as in (I3.32p . The D-term is identified by 
expanding 



fu= [ I fu^Js) Js, (3-1-1) 
Inserting this into ( I3.42[) we arrive at 

V = -$e+ ( J s AJ t [ I fl_/\J, ) [ I ft+AJ, 



(3.45) 

-^ehr{a^a®) ( / /£. A J s ) ( / /f + A J t ^ 
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Comparing with the generic scalar potential ( I2.15P yields 

(D a ) A B = ^ {s) ) A b [ fi + AJ s . (3.46) 



Hence, the standard embedding on K3 leads to a quartic D-term potential for the charged 
scalars in consistency with the generic 6D supergravity. If there exist .D-flat directions 
the moduli space of vacua has a Higgs branch, where the gauge group is broken further. 

Finally, we identify the su(2)#-valued connection 1-form T on the charged scalar field 
space, defined in (12. 16ft . Separating the Killing vectors Kf a = {j a )yCf in the D-term 
fl3T46|) yields 

( j) B ~ [ ^(C?, 0) iG^Cl -Of) ) b ■ [3A7} 



j 

The corresponding curvature tensor is nonvanishing 



3.4 Deviation from the standard embedding 

Before we continue let us briefly discuss the scalar potential for deviations from the stan- 
dard embedding. A first generalization is to drop the condition T = 1Z but keep the 
anti-selfduality of T . This is automatically satisfied for any instanton configuration. In 
this class the scalar potential for the K3 moduli is trivially zero. The second gener- 
alization is to consider an arbitrary Yang-Mills bundle. Under metric deformations the 
curvature 2-form of K3 stays anti-selfdual, but the Yang- Mills curvature generically loses 
this property. In this case the selfdual part contributes an additional term to the scalar 
potential given by 

V & \ J tr(J" A ★J-") + | J ti(K A K) 



-± J tx{JF A - \ J tx{JF A 7) (3.48) 
- j tr(^4 



A . 

This term is positive definite, because the Killing form is negative on antihermitean 
generators. There are two ways how the system can go back to the minimum of the 
potential. Either J 7 is dynamically driven to a new ASD ground state or the K3 metric 
deforms in such a way that J 7 becomes anti-selfdual again. It follows that for a fixed T 
only metric deformations which preserve the ASD condition are true moduli, while the 
others generate a potential like (13. 48ft . In the next section we will consider Yang-Mills 
fluxes which are rigid backgrounds, fixed by a quantization condition. In particular they 
cannot deform dynamically to different ASD ground states. This will stabilize some of 
the K3 metric moduli. 



4 Line bundles on K3 

In this section we look for solutions of the tadpole condition different from the stan- 
dard embedding, i.e. backgrounds which only satisfy the integrated equation ( 12.41) in 



14 



terms of characteristic classes. Strictly speaking, this is not possible with T-L = in this 
background. One has to include torsion into the internal geometry and the proper back 
reaction is given by the Strominger equations. For six internal dimensions one loses the 
Calabi-Yau property or even more structure, but for K3 the torsion can be completely 



absorbed in a conformal factor of the metric 58 



In the following we consider K3 compactifications with line bundles, where the tadpole 
condition is solved by assigning T to be the curvature of one (or several) principal U(l) 



bundle(s) |13|, |24j, |29|, |30|, |39|, l43M47j . For one line bundle L inside one E$ factor we then 
have 

E$ — > G x (£7(1)) , (4.1) 
which implies the following decomposition of the adjoint representation 

248 — ► ( , 1 ) © (1, 1 ) ((R<, l qt ) © (Ri, l- qi )) , (4-2) 

i 

where g is the adjoint representation of G while the second term includes lo as the adjoint 
representation of U(l). The Rj are model dependent representations of G and l 5j are 
representations of U(l) with charge q«. The right entries define associated vector bundles 
E lq which are tensor products of the line bundle L with charge q: 

E lq = L q = L ® ... ® L . (4.3) 

Negative charges correspond to the dual bundle, L^ 1 = L*, and L° = O is the trivial 
bundle. 

Applying the deformation theory of gauge connections to this setup (for more details 
see appendix IA.4I) yields the multiplicities of the corresponding massless fields. Specifi- 
cally one finds 

h^ l {L q ) = -2-q 2 ch 2 {L) , (4.4) 

where ch^iE) = — \ J trJ-"A J 7 is the second Chern-character. Moreover, no bundle moduli 
exist, as End L q is the trivial line bundle with if 0,1 (End L q ) = 0. Since the only nonvan- 
ishing Chern class is c\(L) = itrj 7 E H 1,l (K'i ) 'L) ) nontrivial line bundles are equivalent 
to integral, Abelian Yang-Mills fluxes^ Therefore, to specify a line bundle, one chooses 
a vector X in the Cartan subalgebra E s x E 8 and an integral linear combination of the 
2-cycles of K3^ X determines the group theoretical embedding and the unbroken gauge 
group while the 2-cycles determine the location of the flux 

iJF = X®m I T] I i 1 = 1, ...,22, (4.5) 

with r\i being an integral basis of H 2 (K3, Z). The flux satisfies the quantization condition 

trJ 7 = -\\X\\ m 1 G Z , (4.6) 



r-f 



10 There exist no Abelian local instantons on K3 because in 4D these are characterized by the winding 
number of the mapping 5* 3 n- £7(1), however ^([/(l)) = 0. 

The specific choice of 2-cycles can be motivated by ma king contact with heterotic orbifold models 



li 



which arise as singular limits of K3 with shrinking 2-cycles [131 . [1 
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for all integral 2-cycles Tj £ H 2 (K3, Z). Here ||X|| is the Euclidean norm in the Cartan 
subalgebra of E s . For a given K3- metric a supersymmetry preserving background must 
in addition satisfy the ASD condition T £ Hj (K3, Z), which is a restriction on the K3 
metric as we already said in section 13.41 

We can extend the construction to several line bundles, each with field strength 

iT n = X n^ m Jn m _ (47) 

Since Eg x Eg has rank 16, there are at most 16 independent line bundles available. For 
the tadpole condition we must have 

24 = \ J tr(J- A J 7 ) = -\{X n ■ X m ) m In m Jm Pl j . (4.8) 

Here • is the Euclidean scalar product in the Cartan subalgebra and pu is the 2-cycle 
intersection matrix (I2.19P of K3. 



4.1 Reduction of the Yang-Mills sector 

Using the results from appendix \AA\ the Kaluza-Klein expansion of the gauge potential 
reads 

"i = V 3 + V 1 . «i = E + tffa?) + + D%<) • (4-9) 

i 

Here V s is the 6D gauge potential in the adjoint representation of G. For one line bundle, 
we have additionally the Abelian gauge potential V 1 . For qi ^ the representations in 
(14. 2p are complex and always occur pairwise, with corresponding charged scalars and 
Dk t , respectively. Their four real degrees of freedom align in one hypermultiplet in the 
representation R» © Rj. The zero modes belong to 



£ H°>\L*) , uJ- qi £ H x '°{L- q 



<-ii 

kl ^ (4.10) 

with multiplicities hi = 1, hP ,l (L qi ). For notational simplicity we define doublets of 
the charged scalars as 

From ( 14. 9 p we derive the Kaluza-Klein expansion of the field strength 

/ = + /i + E(/S + /5) + /2 • (4.i2) 

% 

Here — dV 1 and /| = dV s + |[V , V s ] are the 6D field strengths. The terms with one 
external and one internal tangent index give rise to gauge covariant derivatives of the 
charged scalars, 

/*f = A wg, £>$ Rl = d$ R * - ftV 1 ^ - 1/ a (r a $) R! . (4.13) 
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Using the zero mode property dj^o^. = d^m^. = 0, the internal fluctuation is given by 
the commutator 

/^E^'Ha^] • (4.14) 

Depending on the surviving gauge group G, several representations can arise in f)4.14p . 
For i = j the commutator generates the adjoint representations of the unbroken gauge 
group G x U(l) 

(Ri, l qt ) <g> (Ri, = (g, 1 ) © (1, 1 ) © ... • (4.15) 
It results in field strength fluctuations of the form 

,n v r I /ST* A W* or 9 ' A B7«\ / C R A 




where we suppressed the multiplicity indices. r a are the g-generators in the appropriate 
representation Rj. The products of zero modes belong to H 2 (L Qi © L~ qi ) = H 2 (K3,W). 
Other representations can occur if the adjoint decomposition allows for other tensor 
products. Let us illustrate this with an explicit example: There exists a Cartan generator 
for the line bundle 13|, |24j that breaks 

E 8 — ► 50(14) x U(l) : 

_ _ (4-18) 

248 — > 91 © 1 © (64 x © 64_i) © (14 2 © 14_ 2 ), 

where 64 is the Weyl-spinor of SO (14). Then the commutator (14.141) realizes the tensor 
products 

64i©64! = 14 2 ©..., 

64_i©64_i = 14_2©..., 

_ _ (4.19) 
64 x © 14 2 = 64_! © 

64_i © 14 2 = 64i © ... . 

The first two tensor products generate a field strength fluctuation of the form 

T 



. ,C U Y [uj'Au 1 c^A^N (C v 
h ~\D V Its 1 Aw 1 w l Aw 1 ) [a )uv \D V 



+ 



_ _ ( 42 °) 

C u V (uT 1 A uT 1 uj- l Aw- l \, , uv fC v s 

DJ Ur 1 A uj- 1 w- 1 A W- 1 J [CXx) [d 1 



where we again suppressed the multiplicity indices. The products of zero modes belong 
to H 1,l (L 2 © L~ 2 ). The latter two tensor products in ( 14.19P yield an analogous term 
y| 4l ® 64 -\ Together we have for this example 

h = /f° + /o 10 + /o 142014 - 2 + f! 41 ^- 1 • (4.21) 
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4.2 Reduction of the Kalb-Ramond sector 



The reduction is essentially the same as in section I3~2"| so we only present the new features. 
The coupling between the 6-scalars and the charged scalars again arises from the toY¥ 
component of the Chern-Simons 3-form. But due to the Abelian character of the flux 
the nonvanishing terms are 



.YM 
1,2 



A a 



(Ri.i 5i ) 
1 



+ tr(j rl A a] 



(4.22) 



Compared to (I3.23P we see that the second term in (I4.22p vanishes in the standard 
embedding (as well as for any non- Abelian gauge bundle) since in that case there cannot 
be a 6D vector in the same representation as the background field strength J 7 . The first 
term in (I4.22p generates the skew-symmetric $ T> $ couplings and the second term affinely 
gauges the 6-scalars under the unbroken £7(1). Using the expansion T = —iXrrJrii we 
get 

dB ir2 + a'u^f = (db 1 - a'V^lXfm 1 ) rjj + a' ^ tr ($* 1 %> R <) , (4.23) 



where 




u k qi A wl 



W u r A cur vj u Hi A wT 



R, 



VD 



R, 



wi qi A ojT ©7* A wf 



c; 



R, 



R, 



(4.24) 



4.3 6D Effective action 

Let us now turn to the effective action combining the previous results 



le~ 2<t, HA*H + ^-e~hiF s A*F 5 - ^-e'^WXfF 1 A *F* 

A *d(j) + \hudtl A *dt J s - dV A *dV 
Mi 



(4.25) 



F 3 is the Yang- Mills field strength of the semi-simple part of the unbroken gauge group 
and F 1 is the field strength of the unbroken U(l) corresponding to the line bundle. The 
derivatives of the scalars read 



£>$ R * = d$ Kl - qiV 1 ^ - U a (r a $) R * , 
Vb 1 = db 1 - a'V^lXfm 1 + ay j tr($J(iY^J^^ 



(4.26) 



We see that the scalars $ Ri are linearly gauged under the entire unbroken gauge group. 
The 6-scalars are affinely gauged under the unbroken U{\) due to the flux of the line 
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bundle, with charges given by the flux vector m 1 . The 2x2 coupling matrix {Nj l k l ) is 
given by 

WLu) =fv*(S«1 U % %VS) ■ (4-27) 



w, Hl A uT w, Hl A zj) 



The scalar metrics read 

9u = I Vi A *Vj 



(4.28) 

w* A MH7 qi 

o rof a ★^r* 

so the latter is diagonal in the C Ri and _D Ri fields. 

We now turn to the scalar potential. By the same argument as given in (I3.42p for 
the standard embedding, only the selfdual parts of the field strength fluctuations (I4.2ip 
contribute to the potential. It is shown in appendix IA.4I that the selfdual parts vanish 
for all terms which are not in the adjoint representation of the unbroken gauge group 

/J eRl = . (4.29) 

On the other hand the selfdual parts of (14.161) and (I4.17P take the form 

ft = E*?^)^*)? • fh = E^?(^) $ ? > ( 4 - 3 °) 

% i 

where 

u » = K g i .M • < 43i) 

Note that a is used for the adjoint g index and that the matrix U depends on the 
representation Rj. As in the standard embedding we find on the diagonal the scalar 
metrics G k l . and G k l , which are the two matrix elements of (14. 28ft . In the off-diagonal 
elements we find a generalized "intersection matrix" 



Ck lk = Ju^Aw^AQ. (4.32) 

Identifying the Killing vectors 

= (t***,)* 1 , = K 11 = \\Xfm 1 , (4.33) 

we see that the terms (14.301) . (I4.3ip generate D-terms in the 6D potential. The third 
Killing vector corresponds to the gauge flux, whose selfdual component appears as a 
Fayet-Iliopoulos term in the Abelian D-term 

V = -%e* J tr + fi + ) A + /£.)) - ^ J tr (/f + A *ff + ) . (4.34) 

Similar to the analysis in (I3.45P and (I3.46P , the individual D-terms can be extracted from 
(I4.34p by the (K3 metric dependent) expansion 

\ (4-35) 
(DYb = ^ J + fu) A Js ® (^ (S) ) A B • 
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The generalization of the above results to several line bundles is straightforward. The 
6-scalars are then gauged under all Abelian factors U(l) m with charges proportional to 
the flux vectors m In . For line bundles which are not orthogonal, X n ■ X m ^ 0, kinetic 
mixing of the different F lm field strengths occurs 

C Hn _ _<£ e -« ^(X m • X n )F lm A *F ln . (4.36) 

m,n 

Also the 6D if- field may contain mixed Abelian Chern-Simons couplings (see ( 12. 13ft ). 
The scalar potential takes the form 

V = ^ {X n ■ X m ) J (J* + fft) A + ffc) - ^ J tr (f-l A . (4.37) 

Here is the direct generalization of (14.171) containing all charged matter fields charged 
under U(l) n . The explicit form of the scalar potential reads 

J i i 

a i j 

(4.38) 

where is the charge of the field $ Ri under the group U(l) n . 



Recalling the general argument in section 13.41 the rigid fluxes of the line bundle 
background stabilize some of the K3 moduli. The Fayet-Iliopoulos term J- + in (I4.34p 
is generated by those K3 metric deformations that violate the ASD condition of the 
Yang-Mills background. Hence, their mass is lifted to a nonzero value. Since we have an 
Abelian gauge flux in the case of line bundles, i.e. T G H 2 (K3,Ij), we get an intuitive 
picture of the moduli stabilization in terms of the 3-plane S 6 H 2 (K3, M), introduced in 
section 12.21 The ASD condition (13.41) can be written as 

7 JL E , (4.39) 

where orthogonality is defined with respect to the intersection matrix p. Hence, massless 
deformations of the K3 metric are given by all motions of E, preserving (I4.39p . For N line 
bundles the massless metric deformations are constrained to the subspace orthogonal to 
the flux vectors {m 1 , m N }. If all N flux vector are linearly independent, the remaining 
moduli space is described by the Grassmannian manifold 

M K3 = OP. 19 -AQ 

3 0(3) x 0(19 - N) ' v ; 

so there are 3N moduli stabilized and dim A4k3 — 58 — 3N. For Eg x E s we have 
Nmax = 16, which stabilizes all but 10 moduli and leaves U(l) w unbroken. For a GUT 
group to survive in 6D a larger number of moduli has to stay unfixed. 

Finally, let us mention that there exists also a moduli space for the charged scalars 
which consists of all D-flat directions C^, Df; ^ 0, satisfying D a = D 1 = 0. The corre- 
sponding Higgs branch has a smaller gauge group with less massless hypermultiplets [59[ . 
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4.4 Stiickelberg mechanism and massive U(l)s 



We close this paper by analyzing the effect of the affinely gauged scalars b 1 (cf. (I4.26P ). 
Let us first focus on one line bundle for simplicity. In this case the U(l) gauge symmetry 
acts according to 

V 1 — ► V 1 + d X , b 1 — ► b 1 + a'm 7 x • (4.41) 

This implies that one combination of b 1 can be gauged to zero with V 1 becoming massive 
which is known as the Stiickelberg mechanismo The mass term (in the Einstein frame) 
is found from (I4.26[) to be 



6V 



\XfV x A^V 1 J tr(J^A^) = -f^UXllV 1 A+V^purrfm' 



(4.42) 



where we used the ASD condition -kj 7 = —J 7 . To identify the physical mass we need to 
absorb a factor a/o'IIV^I into V 1 in order to get a canonical kinetic term as can be seen 
from (I3.29p . Using the tadpole condition ( 14. 8 p the physical mass reads 



m = 4y/^. (4.43) 

Note that the physical mass only depends on the K3 volume. 

If there are N line bundles with flux parameters m In = (m n , m IN ), the b 1 are 
coupled to all of them and generically all "fluxed" Z7(l)'s become massive. However, 
if some flux vectors are linearly dependent, dim spanjm 1 , ...,m N } = K < N, the rank 
of the mass matrix is reduced and there remain N — K massless U(l)'s in the spec- 
trum. Let us show which combination of &j-scalars is eaten by which combination of 
C/(l)'s. In an integral basis of H 2 (K3, Z) we define q In = \\V n \\m In G Z and look for the 
orthogonalization 

C 6 ~ guidb 1 - q In V^ f = guidb 1 - \ In V^ f . (4.44) 

For K linear independent flux vectors the 22 x N matrix q In has rank K and hence can 
be be brought to the following form (e.g. ^ = 3,^ = 2) 



q In ^ J jg Jm C/ n m = X In = A 2 ... , (4.45) 




where O G 0(22) and U G 0(N). This determines the preferred basis 

Vn = U n p V* , b 1 = O 1 ^ , (4.46) 

in which the first K b scalars are the Goldstone bosons of the first K gauge poten- 
tials. More precisely, one goes to a basis of H 2 (K3,Z) where the flux hyperplane 
span(m 1 , . . . , m n ) is spanned by the first K harmonic 2-forms fji, . . . fjx- The special 
form of X In however does not tell us if this basis is orthogonal with respect to the inter- 
section matrix ( I2.19p . Since we have -kj 111 = —J :n for each gauge flux, the mass terms 
read 

W V n A *V* J J 712 A *T m = A *V^pijX In X Jm , (4.47) 



12 In 6D this effect is independent of possible Abelian anomalies [3(| . 
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where pu = Oj K Oj L pkl- In general pu will not be diagonal and hence the mass term 
will not be diagonal in n, m. Therefore, the mass eigenbasis is generically different from 
the "Goldstone eigenbasis" . Note that again the mass matrix only depends on the volume 
modulus and that the trace of the (squared) mass matrix is fixed by the tadpole condition 

tr(M 2 ) = J2(-l$PiA In \ Jn ) = 16 i . (4.48) 

n 



5 Conclusion 

In this paper we derived the six-dimensional low energy effective action of the heterotic 
string compactified on K3. Consistency requires a nontrivial gauge bundle on K3 and 
for concreteness we chose to consider first the standard embedding and second a flux 
background with U(l) line bundles. In both cases we performed a Kaluza-Klein reduction 
starting from the ten-dimensional action. Specifically we focused on the gauge sector 
where charged and neutral scalars (bundle moduli) arise as massless deformations of the 
internal gauge bundle. We carefully performed a KK-reduction and computed the sigma- 
model metric and the scalar potential of the six-dimensional action as a functions of the 
geometrical K3 moduli and the axionic scalars arising from the NS 5-field. For the scalar 
potential we showed the consistency with the generic 6D, M = 1 supergravity in that it 
arises solely from a D-term. The sigma-model metric is constrained to be a quaternionic- 
Kahler metric which, however, we could only show in an appropriate orbifold limit. The 
proof that the full metric computed in this paper is indeed quaternionic-Kahler is left for 
a future project. 

The line bundle backgrounds are realized by Abelian Yang-Mills fluxes on K3. They 
affect the 6D theories in that the scalars arising from the .B-field become affinely gauged 
under the unbroken £7(l)'s. This in turn gives a mass to the U(l) gauge fields via 
a Stiickelberg mechanism. For several line bundles which are linearly dependent in 
H 2 (K3,'Z), massless U(l) gauge fields remain in the 6D theory. At the same time the 
fluxes stabilize those K3 moduli which violate the anti-selfduality of the Yang-Mills field 
strength. In the effective potential this is realized as a Fayet-Iliopoulos term proportional 
to the flux vector. Together, one line bundle eliminates four scalars (one B scalar and 
three K3 moduli) from the effective theory, which are absorbed into a massive vector 
multiplet. 



Recently [60[ derived the 6D effective action of F-theory compactified on a Calabi-Yau 
three- fold X. When X is a K3 fibration, this background is dual to the heterotic theory 
compactified on K3 studied in this paper. It would be interesting to compare the two 
effective actions. On the F-theory side one may use our results to get information on 



the couplings of the charged matter (in 60| the action was derived on a generic point in 



the Coulomb branch, where these fields are massive, but eventually one has to go away 
from this branch in the F-theory limit). On the heterotic side one may use the results of 
to understand the couplings of non-perturbative tensors (that in F-theory appear at 



perturbative level). 
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A Details of the Kaluza-Klein reduction 

A.l Deformations of gauge connections 

In this appendix we give a detailed derivation of the Kaluza-Klein reduction of the gauge 
potential, from which all bosonic matter fields descend. The low energy spectrum is 
determined by the gauge background consisting of a nontrivial holomorphic if -bundle 
over K3 and a flat G-bundle over M 1 ' 5 

E$ x E 8 — > G x (H) , (A.l) 

where G is the maximal commutant of H. The if-bundle satisfies the Bianchi identity 
(13. ip and its nonzero field strength J 7 satisfies the hermitean Yang-Mills equations (HYM) 

Jeff^Af)), JAJ = o. (A.2) 



Here we write f) for the adjoint if-bundle. (1A.2|) is equivalent to the anti-selfduality (ASD) 



of the field strength, -kj 7 = —J 7 |4l|. We denote the background connection, valued 
in f), as A and its deformations give rise to massless 6D fieldso These deformations are 
grouped into multiplets according to the decomposition 

496 -> (Rj, S<) © ( S , 1) © (1, fj) , (A.3) 

where and f) denote the adjoint representations of G and H, respectively. The 1 is 
the trivial representation and (Rj, Sj) are group specific representations. It is known 
from supersymmetry that massless 6D hypermultiplets in representations Rj occur with 
multiplicities given by the chiral index [24| 

X (E Si ) = h°>°(K3,E Si ) - h°>\K3,E Si ) + h°> 2 (K3,E St ) , (A.4) 

where denotes the vector bundle associated with Sj0 In fact, h°'°(K3, E) and 
h 0,2 (K3, E) vanish for a HYM background. This can be seen as follows: H 0,0 (K3, E) is 



13 Since we insist on six-dimensional Lorentz invariance we do not include the possibility of a back- 
ground value for the 6D gauge field. 

14 X is called chiral index due to the equivalent definition x(E) = n't — n^, where count the chiral 
zero modes of the Dirac operator. On K3 one has x(^) = x(^*)j so complex conjugate representations 
always occur with equal multiplicities. Due to the definite chiralities in the vector- and hypermultiplets, 
x(E) counts the difference of them. 
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the space of global sections of E, which are closed with respect to the covariant Dolbeault 
operator B A on K3. But for sections of a HYM-bundle we have the identit\l^l 

d* A d A = 2d* A 3 A , (A.5) 

where d A = d A + d A . Therefore any such section is also covariantly constant. When E 
is nontrivial and irreducible, no constant sections exist. The vanishing of H°' 2 (K3, E) 



then follows by Serre duality [62 



For the Kaluza-Klein reduction of the bosonic action it is not enough to know this 
multiplicity. One has to know which internal differential equation the zero modes satisfy. 
Therefore we analyze the deformations of the gauge connection without referring to 
supersymmetry. Starting from the 10D Yang-Mills Lagrangian 

C YM ~ (F, F) = tr(F A *F) , (A.6) 

we parametrize the deformations by A = A+a with a G A 1 (e§). For simplicity we assume 
that the background if-bundle is inside one Eg and consider only deformations inside 
this E%. We restrict a to be compatible with the metric on the adjoint E% bundle0 The 
field strength deforms as 

F = F + f , / = d A a + \[a ) a] . (A.7) 

As in the main text we decompose a = a\ + a\ into 1-forms on M 1 ' 5 and on K3. They 
deform the flat G- and the curved if- connect ion, respectively. Their 6D effective mass 
terms are given by 

£r ss N ~ / tr(d^ai A*d A (n) , (A.8) 

K3 

£™ ss [ai\ ~ J tr(d A ai A *d A ai) + J tr(aj A *[F, aj]) . (A.9) 

K3 K3 

From ( ]A.8j) it follows that massless 6D vectors arise from deformations with d A ai = 0. 



Therefore the Kaluza-Klein expansion reads 

a 1 = V-if>, d A i/) = Q, (A.10) 

with internal covariantly constant functions (sections) ip. Since there exist no globally 
constant sections on nontrivial vector bundles, massless 6D vectors can only occur from 
the term ($j, 1) in (1A.3j) . From the identity (1A.5I) (on sections) it follows that ker(d A ) = 
ker(d A ). Hence the multiplicity is given by Dolbeault cohomology 

h°'°(K3, Er) = h°>°(K3) = 1 . (A.ll) 

The mass operator for 6D scalars is identified from (1A.9I) as 

A Y Mdi := d* A d A ai + *[F A , «i] • ( A -12) 



15 A proof can be found, for example, in appendix E of [61]. 

16 This amounts to the condition that the deformed connection A = A + a satisfies d(h(ipi,ip2)) — 
h{d,A'tpi 1 1P2) + h(ipi, dAipi), where h is the adjoint metric, i.e. locally the Killing form of the Lie algebra, 
and ipi,ip2 are sections of the adjoint bundle. 
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Since this is not a proper Laplacian, the connection to Dolbeault cohomology is obscure at 
first sight. We now show that 1-form zero modes of Aym are in one-to-one correspondence 
with zero modes of Ag A := B* A d A + B A d A . Using the Kahler identities d* A = i[dji, J-) and 
d* A = —i[dA, J-] [63(, we find the following operator identity on 1-forms 

d A d^ai = 2Ag A a\ — d A d A a\ + iJ ■ [J 7 , a{\ . (A. 13) 

Here J- is the contraction with the Kahler form. (There is an equivalent identity with 
Aq a instead of Ag .) We prove (1A.13j) at the end of this section. The second term on 



the r.h.s. vanishes in the Lorenz gauge d A a\ = 0. Moreover, on a complex Kahler surface 
with a HYM-bundle (i.e. anti-selfdual field strength) one can show that 

* [JF,ai\ = -U ■ [F,ai] . (A.14) 

Inserting (1A.13j) and ()A.14j) into the mass operator (1A.12[) . we are left with the (gauge 
fixed) identity on 1-forms 

Aym = 2A dA = 2Ag A . (A. 15) 

Since on holomorphic bundles the Dolbeault operator satisfies d A = 0, the harmonic 
1-forms of Aq a are unique representatives of H 0,1 (K3, E). From flA.15j) it also follows 



that the massless modes are zero modes of d^. This is obvious from flA.12j) as a sufficient 



condition, but here we have shown that it is also necessary. Another way of seeing this 
is the following: Whereas the first term in 0A.12p is a positive, symmetric operator, the 
second is in fact antisymmetric with respect to the YM-scalar product on K3 

(ai,*[7",ai]) = -(★[J r ,ai],oi) . (A.16) 

Hence, the two terms correspond to real and imaginary part of the squared mass eigen- 
values and have to vanish separately. Hence, we derived the supersymmetric result from 
pure bosonic Yang-Mills deformation theory. 

Returning to the different terms in (IA.3j) . no 6D scalars in the adjoint representation 
g can occur, because H 0,1 (K3, Ei) = H°' l (K3) = 0. Generically one gets scalars from 
representations (R, S) with some multiplicity h 0,l (K3, E$). Here two cases can arise: 
First, if (R, S) is a real representation and R is pseudoreal and we are left with R-half- 
hypermultiplets in 6D. To have complex fields in 6D one decomposes the deformation as 
a\ = a ' 1 + a 1 ' , using a complex structure on K3. Since a is restricted to preserve the 



hermitean structure of the e 8 bundle, the two terms satisfy [63 

( a i.°)t = -a - 1 . (A.17) 
Hence, the Kaluza-Klein expansion reads 

ai = Cf oo k + Cf uJ k . (A. 18) 

Second, if there are complex representations occuring in conjugated pairs, (R, S)©(R, S), 
two sets of independent 6D scalars arise 

ai = Cfuj k + Cf UJ k + Dfw k + Df w k . (A.19) 
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The zero modes of both cases are given by 

co k G H°'\K3, E 8 ) , ZJ k G H lfi (K3, £§) , 

(A.20) 

w k G H^KZ, E s ) , w k G H Q >\K3, E s ) . 

Here E§ = (Es)* is the dual vector bundle. On K3 all multiplicities are the same due to 
Serre duality 

WJ{K3^Es) = H°' l (K3,E s ) (A.21) 

and can be computed via the chiral index (1A.4l)f^l Thus, in 6D one has hypermultiplets 

with scalar components $^ ffiR = (C^, D^). 

Let us now show that the 6D singlet scalars coming from the term (1, h) in flA.3j) 
are special in that they are not only massless but exact flat directions of the potential. 
They are termed bundle moduli. Applying the previous analysis it follows that there 
exist massless deformations with multiplicity h 0,1 (K3, h). In fact, any such deformation 
preserves flA.2[) and hence the ASD condition of the background J 7 . It is known that 
the moduli space of ASD connections modulo gauge transformations is equivalent to the 
moduli space of holomorphic structures (see for example [41] ). A holomorphic structure 
is defined by a Dolbeault operator satisfying B\ = J 70 ' 2 = 0. A deformation A = A + a, 
with a G A 1 (K3, f)) defines another holomorphic structure if J 7 ^' 2 = 0, i.e. 

B A a°' 1 + l[a o ' 1 ,a o ' 1 ]=0 . (A.22) 

Infinitesimally this yields a ' 1 G ker((9_4). However a G ker(<9_4) contains directions which 
lead to gauge-equivalent holomorphic structures which have to be modded out. Their 
Dolbeault operators are related by conjugation in H 

d\ = hr^djji ^B A + B A 5h , (A.23) 

where h G A°(K3,H) and h w 1 + 5h, 5h G A°(K3,t)). Modding out the term 
d A 5h G lm(d A ), infinitesimal deformations of the holomorphic structure are given by 
a ' 1 G H 0,l (K3, f)), in agreement with the result from the mass operator. But since the 
effective scalar potential from the background takes the form 

V 6 ~ - J tr(JT + A , (A.24) 

(see (I3.48P ) all deformations preserving the ASD condition are moduli, i.e. flat directions 
of the scalar potential. Finally, the Kaluza-Klein expansion of the (1, f))-scalars reads 

ai = Zka k + l k a k , a k G H°'\K3, fj) . (A.25) 

The complex 6D scalars ^ are called bundle moduli. In the following sections the above 
results are applied to the standard embedding and the line bundle background. 

We finally give a proof of the formula (1A.13|) for a G A 1 (i^3, E): 



d* A d A a = (B* A d A + d* A d A )a + (B* A d A + d* A B A )a (A.26) 

17 On a Calabi Yau 3-fold the C R and D occur with different multiplicities, yielding the 4D chiral 
spectrum. 
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The first term can be written as 

{d* A B A + d* A d A )a = i([d A , J-]B A - [B A , J-]d A )a 

= i(d A J ■ B A — B A J ■ d A )a — iJ ■ (d A B A a — B A d A a) (A. 27) 

= {d A d* A + B A B* A )a + i J ■ [J 7 , a] — 2iJ ■ (d A B A a) . 

Here we used the Kahler identities d* A = — i[d A , J-], B* A = i[d A , J-], J ■ d A a = [J-,d A ]a 
since J ■ a = 0, and we identified T = d A d A + d A d A . We now write the last term in 
(lA~27l) as 

2i J ■ (d A d A a) = 2i([J-, d A \ + d A J-)d A a 

= -2d* A B A a + 2id A [J-, B A ]a (A.28) 
= -2B* A B A a + 2d A d* A a . 

With this we get 

(B* A B A + d* A d A )a = (B A B* A - 8 A d A )a + iJ ■ [JT, a ] + 2B* A B A a . (A.29) 

Now we consider the second term in flA.26j) 

{B* A d A + d* A B A )a = {d A B* A + B A d* A )a = d A d* A a - {d A d* A + B A B* A )a , (A.30) 

where we used {d A , B A } = (which follows from the Kahler identities). Together we end 
up with the claimed result flA.131) 

d* A d A a = —d A d* A a + 2(B A B A + B A B* A )a + i J ■ [J 7 , a] . (A. 31) 

A. 2 Zero modes in the standard embedding 

For the standard embedding the nontrivial SU (2) bundle is inside one E s factor, yielding 
the breaking 

E s —^E 7 x (SU(2)) . (A.32) 
Focusing on this i?8 factor we have the decomposition 

248 (56,2) © (133,1) © (1,3) . (A.33) 

The vector bundles E corresponding to the right entries are identified as E2 = 7x3, which 
is the holomorphic tangent bundle, E 3 = su(2) = End Tr3, which is the adjoint bundle 
and Ex = O, which is the trivial bundle over K3. Since (56, 2) is a real representation, 
its massless Kaluza-Klein components are given by 

a (56,2) = c M Uj + ^ J = 1 , . . . , 20 . (A. 34) 

Here the zero modes are 

(A.35) 

UJj e H^Tkz) = H X >\K$) . 
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From the Hodge diamond (12.171) we see that the multiplicity is 20. We realize the iso- 
morphy to H 1 ' l (K3) with the holomorphic 2-form Q and a particular prefactor, i.e. in 
components (no summation over j implied) 

V^jla — imil 2 V 13 J ota 5 

(A.36) 

where rjj are the harmonic (1,1) forms on K3 and jj is the real function 

lj = ~ -r • (A.37) 

This function is motivated by matching with the orbifold limit of the standard embedding 
which we discuss in appendix [B] In fact, the zero modes of the charged scalars depend on 
the complex structure of K3 by the very definition of Tk3- For a fixed complex structure 
the prefactor jj depends on the remaining Kahler moduli in such a way that the full zero 
mode is independent of them. 

The term (133, 1) gives rise to one 6D vector V 1SS , as stated in ( 1A.11I) . The term 
(1,3) corresponds to the bundle moduli as specified in (1A.25I) 

af ,3) = Z k a k + l k a k , a k G H°>\End Tks) • (A.38) 

The multiplicity cannot be related to the Hodge numbers but can be computed with 
the chiral index f[Q|) . Here /i°-°(End Tkz) = 0, since a covariantly constant section 
g G T(K3, End 7x3) must take values in the centralizer of the holonomy group, which is 
empty for hot(/\"3) = su(2) [40]. Thus, one obtains 

X (End T K3 ) = -hP'^End T K3 ) • (A.39) 
X can be computed via the Hirzebruch-Riemann-Roch theorerrf^l which states 

X (E S ) = J Td(K3) A ch(E s ) = 2rk(£ s ) + ch 2 (E s ) , (A.40) 

K3 

where Td(K3) is the Todd-class of K3, rk(E) is the rank of the vector bundle and 
ch2(Es) = — \ J trgJ 7 A T is the second Chern-character. Using rk(End Tkz) = 3 we get 



/^(End Tkz) = -6 + \ I tr 3 (.F A T) = -6 + § / tr 2 (J r A J 7 ) = — 6 + 4 • 24 = 90 



(A.41) 

where in the last step we used the integrated tadpole condition (13.1 ft 

\ J tr 2 (.F A J 7 ) = X {K3) = 24 . (A.42) 

Summarizing, the Kaluza-Klein expansion of the gauge potential reads 



^56 



ai = V , ai = Cfu j © Cj uJj + £ k a k + £ k a k , (A.43) 
with j = 1, 20 and k = 1, 90. 

18 There exists an alternative isomorphism, Ug oc g^{t(a*j) + £[a 7 ]) = 9^ '(3^7)5 + ^a-y) > which maps 
H 0,1 (Tk3) to the anti-holomorphic 2-form plus all (1, l)-forms except the Kahler form. We always use 
the simpler one (|A.36|) . 

19 See for example chapter 5.1 of [63]. 
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A. 3 Coupling functions in the standard embedding 



In this section we derive the coupling functions of the effective action. First we consider 
the kinetic terms in ( I3.29P and in particular the couplings of the charged scalars. Due to 
the correspondence of their zero- modes to harmonic (1,1) -forms (IA.36j) these functions 



exhibit a characteristic dependence on the K3 modulio To express this dependence 
in the following, let us review the parametrization of the K3 moduli space ( 12 . 20 j) from 



57|| . A Riemannian metric is given by a positive definite three-dimensional subspace 
£ := H^_(K3, M) C H 2 (K3, R), which is spanned by an orthonormal dreibein ( J 1; J 2 , J3). 
The K3 moduli t T s are defined by the expansion 

J s = ti Vl , 1=1,..., 22. (A.44) 

They are constrained to be (positive) orthonormal 

puffi = 5 st , (A.45) 

and subject to an equivalence relation which identifies equivalent metrics 

ti ~ t{ = R S H[ , R e SO(3) . (A.46) 

R rotates the dreibein inside £ and corresponds to an S 2 of possible complex structures 
per metric. 

In the following we want to relate the moduli space of the charged scalars to the moduli 
space of K3 metrics. Due to the very definition of Tr3 in the standard embedding, the 
charged scalar zero modes are defined with respect to a chosen complex structure. Hence, 
the discussion of their couplings implicitly requires the breaking of the Hyperkahler 
structure of K3. Defining the complex structure via the 2- form Q = J\ + iJ 2 , the 
harmonic (1, 1) forms in the charged scalars zero modes (1A.36j) are given the projection 



Vi' 1 = (P^/VJ , (P 1 ' 1 )/ = PiKtfti , (A.47) 

s=l,2 



where pu is the intersection form (I2.19p . They depend on the complex structure moduli 
t[,t2- In the following we fix the complex structure and discuss the dependence of the 
charged scalar couplings on the remaining Kahler moduli. As in (IA.36j) r]j,j = 3, ... 22 
denotes a basis of H l,1 (K3,M.) with respect to the fixed complex structure. 

Let us illustrate this by a first example. The KK reduction of (I3.12p yields the kinetic 
term of the charged scalars in (I3.29P 



^r 2 VC- A *Vq \ri J g^uf A *wf , (A.48) 



where g & p is the Kahler metric on K3. We show now that the charged scalar metric 
Gij is indeed related to the 6-scalar metric gjj given in H3 .321) . Using the zero mode 
isomorphism (IA.36h and the identities 

= f{z)\g\-$e*P , \f\ 2 = M 2 ^g (A.49) 



^Recall that on K3 the embedding H 1 ' 1 (K3,R) C H 2 (K3,M.) is a moduli dependent subspace. 
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as well as the normalization ||fi|| 2 = ^ we obtain 



(A.50) 



7»7j 
2 V / 2V 



From the last line in (IA.50P (no summation over i,j implied) one recognizes that this 
function is proportional to the projection of the 6-scalar metric gu 

g i3 ■= j Vi A = (P 1 ' 1 )/^ 1 ' 1 )/^ , g u = y r// A . (A.51) 

While P 1,1 depends on the fixed complex structure, also depends on the remaining 
Kahler moduli via the action of the Hodge * operator on H 1 ' 1 (K3, M.) [5?J 

*Vi= {-6i + 2p ik t k 3 tCjrj j . (A.52) 

For the coupling function N(- in (13.341) which is obtained from a KK reduction of 
(I3.27P we first use the same manipulations as above to get 

Nij = napufAu? = g^n.(^A^) = gjt^-n.vol = y -^fPifl. (A.53) 

Here • denotes the contraction of forms and vol is the volume form, normalized to 1. In 
the second step we used r\i A rjj = p^vol and in the third step we used Q ■ vol = g~%Q. 
The coupling p^- is defined as the projection 

Pii ■= Jvi* Vj = (P^ViP^/Pu , (A.54) 

where pu is the moduli independent intersection matrix. Hence, the expansion into r\i 
has coefficients 



N-j = p IJ J A 7]j = \liljpijp IJ J n A rjj = -HljPijP 1 ' T ((Ji, Vj) ~ i(J2, Vj)) , 

(A.55) 

where (■, ■) is the scalar product on H 2 (K3, M). 

For the coupling function in (I3.34p which also arise from (I3.27p we proceed simi- 
larly to get 

Ma = ^gapf A uj] = ^ g ^{ m )^{ m ) p - s dz p A dz a . (A.56) 

Identifying the components of the Kahler form as g a a = —iJ a j3 and g a p = iJ&p we can 
express My as the special contraction 

M l3 = -z^p ( J ■ fa A Vj ) - (J ■ Vi ) Vj - (J • Vj ) 77,) 

= -*^7t(p*AJ-vo\) - ^(Js^iH ~ ^(Jz^Vi) (A.57) 
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Here we used the following identities 

(J • Vi )vol = -LjA Vi = J 3 , Vi )vol , J-vo\=j=J. (A.58) 
Hence, the expansion into rji has coefficients 

Ml = p IJ J M tj A VJ = i^p IJ ( Pij ( J 3 , r)j) - ( J 3 , Vi)pjJ ~ (Js, Vj)pu) ■ (A.59) 

Both couplings M and A" depend on the K3 moduli but for a fixed complex structure 
we have the following simplification. In a basis {f]i,i]2,i]i) of H 2 (K3,~R), where 7712 span 
the complex structure 2-plane, we have (Ji t 2,Vi) = for 7 = i and (t/3,77/) = for 
I = 1,2. This implies 

A/, j£0 only for 7 = 1,2 , 

(A.60) 

AfJ ^ only for I = 3, . . . , 22 . 
In this basis the couplings (I3.3ip between the charged scalars and the 6-scalars reduce to 

, _ / to* - a >e„(N> k ?CZVC" + c.c) - ..A 
V *-{ <U?-a% y Mi^C>-... )• iAM) 

where the dots stand for the £<i£ terms. Moreover, for the 6-scalar combination b % r\i = t^rji 
proportional to the Kahler form of 7T3, the coupling function reduces to 

Mij = -r-^u,j , (A.62) 

with gij known from ( 1A.51I) . In appendix [B] we will use the second row in ( 1A.61I) to 
identify a quaternionic Kahler moduli subspace, containing complexified Kahler moduli 
and charged scalars. 

Let us now turn to the scalar potential which contains quartic terms of the charged 
scalars. These arise from the squares of the expressions (13.191) and (I3.20p . The term in 
(I3.20p . which is in the adjoint representation of the surviving gauge group, gives rise to 
D-terms in 6D. The term in (I3.19P is not allowed by 6D supergravity and we shall prove 
here that it vanishes due to properties of K3 and its bundles. First recall from (I3.42p 
that only the selfdual components 5F2 + contribute to the scalar potential which will be 
crucial to show the consistency with 6D supergravity. Recall (I3.19P 



,(i,s)_(C x i Y toya?^ ayjufAul 




where all matrix elements are 2- forms in the group if 2 (End 7x3) as follows from the 
group representation (1,3). We now use a local decomposition of i7 2 (End 7^3) and 
show that its global extension does not exist. In fact any 2-form in i7 2 (End Tks) can be 
locally trivialized as 

f ® Ui E T(End Tks) ® A 2 (AT3) , (A.64) 

where i — 1, ...,6. Since the zero modes in (1A.63P are ^-closed also their products are 
enclosed. This implies 

= d A (f ® w<) = (d A f) A Ui + fidUi) . (A.65) 
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For the scalar potential we restrict this equation to the selfdual 2-forms. Since there 
exists on K3 a basis of d-closed selfdual 2-forms, (IA.65|) reduces in this basis to 



(A.66) 



Hence, the /* are covariantly constant sections of End Tr- 3 , which have to extend to 
globally constant sections. However, since End Tk3 is an irreducible, nontrivial bundle, 
only the constant zero section exists. In other words, the deformation (1A.63j) preserves 
the ASD property of the background field strength and therefore does not contribute to 
the scalar potential. 

Next we calculate the selfdual part of ( 13 .20 j) 



(133,1) 



Cf 



1 gapufAu? O^w? A 57 



2V au:fJ " l ' ' "J 
3 



3 . 



i Ta )xy 



(A.67) 



We recognize that the same coupling functions appear as in (IA.53I) and (1A.56|) so that 
we have 



(133,1) 



(A.68) 



The off-diagonal elements are already selfdual 2-forms given by (1A.53|) . while the diagonal 
elements are generic (1, l)-forms. We get their selfdual part by projecting onto 7 3 



M, 



-- (J Ma a J^j 7 3 = -iiqi( Pij (j 3 , j 3 ) - 2(73,774X73, 7ft)) J 3 = iV2VGijJ 3 . 

(A.69) 

Here we identified the kinetic coupling G^ using (1A.52[) . (IA.50|) and 



9ij 



Vi A *rij = (-5* + 2 Pjl t k 3 t l 3 )p ik = -pij{J 3 , 7 3 ) + 2 ( 7 3 , 7/i>( J 3 , rjj) 



(A. 70) 



Summarizing, we have 
J 9 



f (133,l) 
'2+ 



r? 1 



1 \'-iv( 



X'f ) \ knr.Q n/2VC,,J j " \C) 
where we Pi j = JiJjPij denotes the rescaled intersection matrix on H lyl (K3,. 



(A.71) 



A. 4 Zero modes in line bundle backgrounds 

We now apply the results from appendix lA.ll to deformations of a line bundle background. 
For one U(l) principal bundle inside one E% factor we have the breaking 

E 8 — > G x (U(l)) , (A.72) 

and the adjoint decomposition 

248 — ► ((R<, l qi ) © (Ri, l_ ft )) © ( , 1 ) © (1, 1 ) , (A.73) 

i 
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which defines the associated vector bundles. Due to flA.111) we get again one 6D gauge 
potential V s in the adjoint of G. However, now the (U(l)) is part of the unbroken 
gauge group since it commutes with itself. Since here h = 1 corresponds to the trivial 
line bundle, there also exists a 6D Abelian gauge potential V 1 in the same representation 
(1, lo) as the background connection A. There exist no bundle moduli, since End L q = O 
is the trivial bundle and 

F^End L q ) = tf ' 1 ^,^) = . (A.74) 

Finally, we get charged scalars in representations R«. Their multiplicity cannot be related 
to the Hodge numbers of K3, but we have 

h^{L q ) = - X (L«) , (A.75) 

by the same argument as in (1A.4D . The chiral index of a line bundle over a four- 
dimensional manifold takes the simplified form (14.41) as we will show now. The total 
Chern-character ch(L) = tr exp^J 7 ) factorizes for product bundles, 

ch(L q ) = ch(L) A ... A ch(L) , (A.76) 

which implies 

ch 2 (L q ) = q ch 2 (L) + \q{q - l)c/n(L) 2 . (A.77) 
For line bundles we have ch 2 (L) = |c/ii(L) 2 such that 

ch 2 (L q ) = q 2 ch 2 (L) . (A.78) 

Using rk(L q ) = rk(L) = 1, the chiral index reduces to 

X (L q ) = 2ik(L q ) + ch 2 (L q ) = 2 + q 2 ch 2 (L) . (A.79) 

Therefore (14.41) is verified. 

The Kaluza-Klein expansion of the gauge potential is analogous to (IA.19j) and reads 

"i = v 3 + v 1 , «i = E ^< + + ^ + ■ ( A - 8 °) 

i 

The zero modes belong to the Dolbeault cohomology groups 

w* G H 0,1 (L qi ) , S£* G H 1,Q (L~ qi ) , 

(A.81) 

with multiplicities ki = 1, — x(L qi ). 

The scalar potential of the charged scalars contains the selfdual parts of ( 14.161) . ( 14.171) 
and (ICTj) . i.e. 

ft, ff; mi ■ (A.82) 

We show first that any term of the form j|^® Ri vanishes. The product of internal zero 
modes in (14.20P belong to H 2 (L qi © L~ qi ) and they are also closed under the gauge 
covariant derivative d^. Locally we can write these 2-forms as 

s i ® an , s { G r(L 9 ' ; © L~ q >) , on G A 2 (K3) , (A.83) 
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where i = 1, 6 is the number of locally independent 2- forms. Then we have 

= d^s* ® OLi) = (d^) Acti + s i <g> (dai) . (A. 84) 
If we restrict to the ci-closed selfdual 2-forms, (IA.84|) reduces to 

= (d A s j ) A at . (A.85) 

It follows that y^ eR * i s proportional to covariantly constant sections s- 7 G T(L qi ®L~ qi ). 
However, since L qi © L~ qi is nontrivial and irreducible, only the constant zero section 
exists. We conclude that all /|V ffiRi vanish. 

Next we derive the selfdual part of /|, and /| + . Considering the matrix of internal 
2-forms in (OSjl and (l4T7jl . 

they take values in the trivial bundle, H 2 (K3, L qi ®L~ qi ) = H 2 (K3). Hence, covariantly 
constant sections exist. Projecting to the selfdual components we get 



A tuf )+ = 217 (/ ^ A *B7f J J , 
(ZJ-f A 07*)+ = \ (J A tuf) Afljfi , 
(5^* A W J) + = | f / (5^* A wf ) A n) n . 



(A.87) 



The diagonal elements are proportional to the scalar kinetic metric g^. t . and g^., that 
appeared in f !4.28p . The off-diagonal elements contain a generalized intersection matrix 



c ki k = j A wfD Aft, (A. 

where the indices run over the multiplicity of the corresponding charged scalars. 



B T 4 /Z3 limit: Hypermultiplet moduli space metric 

In this appendix we focus on a specific orbifold corresponding to a heterotic compact- 
ification on a smooth K3 with standard embedding for the gauge bundle. In this case 
we are able to give an explicit form of the hypermultiplet field space for the untwisted 
moduli. 

Specifically we consider the Eg x E s heterotic string compactified on the orbifold 
T 4 /Z 3 with gauge twist given by |(1 2 ,0 6 )(0 8 ) j5l|. In this case the unbroken gauge 
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group is E 7 x f/(l) x E 8 . In the hypermultiplet sectors we have both untwisted and 



21 



twisted states in the following representations! 

(56, l)r tw © (1, l)2 ntw © 2(1, l)7 tw © 9(56, l)f © 45(1, 1)^ © 18(1, 1)Y . (B.l) 

3 3 3 

When we blow up the orbifold T 4 /Z3 we get a smooth K3. After a field redefinition, 
the orbifold spectrum matches with the spectrum obtained by a smooth compactification 



with nontrivial gauge bundle [13j. In particular, the two (1, 1)™*™ are the two hypermul- 
tiplets containing the four geometric moduli and the four S-field moduli surviving the 
Z 3 projection, the (56, l)™ 1 ™ is a charged field, and the (1, l)2 ntw is eaten to give mass 
to the U(l) gauge boson. Therefore the total orbifold spectrum matches the spectrum of 
the smooth compactification considered in section [3], i.e. 20 geometric, 45 bundle moduli 
and 10 charged hypermultiplets. 

The metric on the hypermultiplet scalar field space in the untwisted sector, can be ob- 
tained by considering the 6D heterotic compactification on T 4 and performing a suitable 
truncation 



421 . [64J. For the case at hand the truncation is 



SO(4A + N) ^ SU(2,2 + n) 



50(4) x SO(4 + N) U(l) x SU{2) x SU(2 + n) 

The latter space is simultaneously quaternionic-Kahler and Kahler, with a metric deter- 
mined by the Kahler potential 

K = -logdet(T + T t - 2^ f ) . (B.3) 

\I/ is a 2 x n complex matrix, which encodes the two complex scalars belonging to the n 
hypermultiplets in the untwisted charged spectrum (in our case n — 56.) T is a 2 x 2 
complex matrix given by 

(T )=( 9il+ iB u + ^i^i 9i2 + iB n + i£ a \ (B A) 

It contains the real gn, g 22 and the complex gi2 metric elements and the the corresponding 
components of the B- field, includes a summation over the n components. For 

simplicity let us fix the complex structure such that gi 2 = 0. In this limit, the Kahler 
potential ( 1B.3|) yields the kinetic terms 

K T .. Tki dT ij dT kl = jjrdT n dT n + j^-dT^dTm + j^-(dT 12 dT 12 + dT 21 dT 2 i) , (B.5) 

K m d* id * 3 (--S- ^)d^ + + + ^)*MF a , (B.6) 

K r ^ dTijd&K = -^-dT^d^x - ^-dT 22 d% - T ^^dT 12 d^ 1 - T ^^dT 21 d® 2 . (B.7) 

Inserting (1B.4P we get the kinetic terms in terms of the Kaluza-Klein modes 42, 64j. The 
leading term for the charged scalars reads 

J2 -<WM>, . (B.8) 

i=l,2 



21 The untwisted spectrum is obtained by taking the spectrum coming from compactification on T 4 and 
performing the Z3 projection. The twisted spectrum comes from strings localized around the orbifold 
singularities. 
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The terms for the two complexified Kahler moduli read 

w\ d9fi + idBil + ^ ld ^ { ~ <Sfid ^ i 



i=l,2 



The terms for the off-diagonal fields in T read 



i 



4 9ll922 



\idB 12 + \M\I>2 - ^2^i| 2 + \idB 12 + ^ 2 d^i - \I/icZ\I>2 1 2 ) • 



(B.9) 



(B.10) 



We now compare the above kinetic couplings with our results (I3.29P coming from the 
smooth K3. To make contact with the ones just derived, we have to take the orbifold 
limit and identify the K3 moduli related to g^. The T 4 /Z 3 limit of K3 corresponds to 
taking the 3-plane £ orthogonal to 18 two-cycles with intersection matrix A® 9 @ The 
orthogonal complement (where £ lives) must contain the two complex 2-tori (that we 
call ?7i, 772) spanned by the coordinates z\ plus two 2-cycles (called 773,774) with positive 
self-intersection and that are not of type 
matrix: 

/ 3 



3 



'1,1). They have the following intersection 
\ 



1 



V 



1 



(B.ll) 
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The chosen complex structure (i.e. g± 2 = 0) makes the metric hermitean, allowing us 
to identify the gg elements with the coefficient of the Kahler form J along the Poincare 
dual of the two 2-tori. On the K3 side we need to take the two 2-tori of type (1,1). This 
is done by making J be a linear combination of (the Poincare dual of) 771 and 772 and Q 
live in the positive definite subspace {773,7/4}. Also B will have components along t]i and 
7/2 : 

J = t 1 7 ]l +t 2 r ]2 , fi = 6 1 7/ 1 + 6 2 772 + ... , (B.12) 

and we have the identifications ga -H- t l and Bg -H- b\ 

First, consider the coupling in front of (IB.9I) . The smooth result reduces in the 
orbifold limit to 



V9u 



7)i A -kT]j 



(t 1 ) 



Tyl 



(B.13) 
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which matches with (1B.9j) up to a numerical constant. For the leading charged scalar 
coupling we have 

(B.14) 



7»7j 



'■J 



2V2V 



77i A -krjj 



3 [ (J,vi) t 1 
2V2 



1 

2V2 



which matches with ( IB. 81) . Here we see that for the orbifold match it is necessary to 
include the moduli dependent functions jj = V* / (J, rji) 2 in the isomorphy of zero modes 
(1A.36I) . In fact, the moduli dependence of the skew-symmetric couplings M{- drops out 
in the orbifold limit, as expected. The only nonvanishing components are 



M\ x = Ml 



22 



V2 



(B.15) 



This matches with ( IB. 101) . 

22 y^y/gg n j ne ^4 2 _singularities (i.e. locally C 2 /^). One ADE singularity of K3 is generated by 
shrinking a set of two-cycles with the intersection matrix given by (minus) the Cartan matrix of the 
corresponding ADE group. 
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